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•^ I The main observation of this note is that the Lebesgue measure 

pLn ■ A* ill the Turan-Nazarov inequahty for exponential polynomials can 

r~| ■ be replaced with a certain geometric invariant u > fi, which can be 

"t^ \ effectively estimated in terms of the metric entropy of a set, and may 

be nonzero for discrete and even finite sets. While the frequencies 
(the imaginary parts of the exponents) do not enter in the original 
— 1 . Turan-Nazarov inequality, they necessarily enter the definition of u. 

> 

g: 1 Introduction 

o: 

r^ . The classical Turan inequality bounds the maximum of the absolute value of 

O I an exponential polynomial p{t) on an interval B through the maximum of 

its absolute value on any subset fl of positive measure. Turan [8j assumed fl 
to be a sub interval of B, and Nazarov [1] generalized it to any subset Jl of 
positive measure. More precisely, we have: 

j^ ■ Theorem 1.1 ([4J). Let p(t) = Yl^=o '^k^^''^ ^^ ^'^ exponential polynomial, 

Ck,Xk £ C. Let B G M. be an interval, and let Q G B be a measurable set. 
Then 

sup \p\ < e'^i(«)--fR'=^^l . f^J^Y. sup \p\ 

where fii is the Lebesgue measure on M and c > is an absolute constant. 
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In this note, we generalize and strengthen the Turan-Nazarov inequahty 
(and its mult i- dimensional analogue stated below) by replacing the Lebesgue 
measure of fl with a simple geometric invariant ud{^), the metric span of 
fi C M" with respect to a "diagram" D comprising the degree of p and its 
maximal frequency A. The metric span always bounds the Lebesgue measure 
from above, and it is strictly positive for sufficiently dense discrete (in partic- 
ular, finite) sets Q. It can be effectively estimated in terms of the metric en- 
tropy of Q. See |T0] and Section l2m below for some basic properties of ud{^)- 
A somewhat simpler version of the metric span of Q depending only on the 
dimension and the degree, and not on the continuous parameters, was origi- 
nally introduced in [TU] . It replaces the Lebesgue measure of fl in the classical 
Remez inequality for algebraic polynomials ([SI I2])- In the one- dimensional 
case for a given exponential polynomial p{t) = YlT=o '^k^^''^ , Ck, Xk £ C, and 
for a given interval B G M. the diagram D = D{p,B) comprises the degree 
m, the length /ii(-B) and the maximal frequency A = max | ImAfc|. Define 

k=0,...,m 

the constant Md (which we call a "frequency bound" for p) as Md = [|J +1, 
where d = C{m)fii{B)X. Here C{m) is defined as C{m) = n{2n+l)^"2'^"' , for 
n = ("^+iK"^+2) ^ x_ por any bounded subset fi C M and for e > let M{e, Vt) 
be the minimal number of e-intervals covering Q (which are translations of 
[0,£:]). Now the metric span ud is defined as follows: 

Definition 1.1. The metric span ujd{^) of i7 C M is given by 

uoi^) = supe[M{e,n) - Md]. 

e>0 

Now we can state our main result in the one-dimensional case: 

Theorem 1.2. Letp(t) = YlT=o '^k^^'''^ ^^ ^^ exponential polynomial, Ck,Xk G 
C Let B G M. be an interval, and let Q G B be any set. Then 

sup \p\ < e^i(^) — IR-^fcl . (^^^] ■ sup IpI 

where fii is the Lebesgue measure on M and c> is an absolute constant. 

Clearly, for any measurable Q we always have u}£,{Q) > yUi(f2). Indeed, 
for any e > we have M{e,Q) > ^i{VL)/e. Now substitute into Definition 
11.11 and let e tend to zero. Thus, Theorem 11.21 provides a true generalization 
and strengthening of the Turan-Nazarov inequality given in Theorem 11.11 



Moreover, the result of Theorem 11.21 further develops a remarkable feature of 
the original Turan-Nazarov inequality: The bound does not depend on the 
"frequencies" , i.e. on the imaginary parts of A^ in p. When we allow into 
consideration discrete (in particular, finite) sets fl, this feature cannot be 
preserved: Already for a trigonometric polynomial p{t) = sin(At), the set Q 
of its zeroes (on which the Turan-Nazarov inequality certainly fails) consists 
of all the points Xj = ^, j E N, and the number of such points in any 
interval B is of order '^^^ ' . So when we replace the Lebesgue measure with 
the metric span, we have to take into account the imaginary parts of the 
exponents A^. This is exactly what is done in Definition 11.11 and in Theorem 
11.21 above. Thus, our result separates the roles of the real and imaginary 
parts of the exponents: The first enters in the main bound, as in the original 
Turan-Nazarov inequality, while the second enters in the definition of the 
span LO£){fi). As the density of Q grows, the influence of the frequencies 
decreases: See Section 1211 below. 

There is a version of Turan-Nazarov inequality for quasipolynomials in 
one or several variables due to A. Brudnyi [T, Theorem 1.7]. While less accu- 
rate than the original one (in particular, the role of real and complex parts of 
the exponents is not separated) this result gives an important information for 
a wider class of quasipolynomials. In Section |3] we provide a strengthening of 
Brudnyi's result in the same lines as above: We replace the Lebesgue mea- 
sure with an appropriate "metric span" which always bounds the Lebesgue 
measure from above and is strictly positive for sufficiently dense discrete (in 
particular, finite) sets. 

2 One-dimensional case 

In this section we prove Theorem 11.21 and provide some of its consequences. 

Proof of Theorem 11.21 Let p{t) = YlT=o CfcC^** be an exponential polyno- 
mial, Cfc, Xk G C. Let us write c^ = 7^6*''^'=, A^ = a^ + ibk, /c = 0, 1, . . . , m. 

Lemma 2.1. 

b(t)P = 2 Yl ^klie^"'^'"^' cos(0fc -^1 + ihu - hi)t) 

0<k<l<m 

is an exponential trigonometric polynomial of degree — — -^ — - with real co- 
efficients. 



Proof. We have 

mm m 

pit) = ^7^e^'^'=e(°*+^''*)* = ^7^e"^-*+'('^*+''^*), p{t) = ^^^e''**-*('^*+''**) 

fc=0 fc=0 A:=0 

Therefore 

m 
k,l=0 

Adding the expressions in this sum for the indices (A;, /) and (/, A;) we get 

b(t)P = 2 5^7,7;e('^'=+"')*cos(0, - 0, + (h - k)t) 

k<l 

This completes the proof ■ 

The following lemma provides us with a bound on the number of real 
solutions of the equation |p(t)p = t]. It is a direct consequence of Theorem 
[3] and Lemma [3 ■4[ see Section |3TT] below. 



Lemma 2.2. For p{t) as above and for each positive rj > 0, the number of 
non- degenerate solutions of the equation |p(t)p = rj in the interval B G M. 
does not exceed 

d = C{m)fxi{B)\ 

where X = max | Im Afc|, and C{m) = n(2n+ iy'^2'^'^ , forn = ('"+ H"^+ ) _|_x_ 

Let i? C M be an interval. We consider the sublevel set Vp = {t E B : 
\p{'t)\ ^ p} of an exponential polynomial p{t) = ^^Lo'^fc^'^''*' ^fc' ^k G C. By 
Lemma 12.21 the boundary of Vp given by {|p(t)P = p^} consists of at most 
d = C(m)/ii(i?) max I ImAfcl points (including the endpoints). Therefore, 
the set Vp consists of at most Mc = [f J + 1 subintervals Aj (i.e. connected 
components of Vp), with M^ defined as in Theorem II. 2 [ Let us cover each 
of these subinterval Aj by the adjacent e- intervals Qe starting with the left 
endpoint. Since all the adjacent e-intervals, except possibly one, are inside 
Aj, their number doesn't exceed | Aj|/e + 1. Thus, we have 

Mie,Vp) < (L^J + l)+^^,(Vp)/e = Mn + f^i{Vp)/e 
using the notations of Theorem 11.21 Now let a set fi C -B be given. 



Lemma 2.3. If Q G Vp for a certain p > then pi{Vp) > u)£,{Q). 

Proof. If n C Vp then for each e > we have M(e, fi) < M{e, Vp) < 
Md + fii(yp)/e, or piiVp) > e{M{e,Q) — Mu)- Taking supremum with 
respect to e > and using Definition 11.11 we conclude that /ii(V^) > ujd{S^)- 

■ 

Let us now put p = sup|p|. Then by the definition we have Q G Vp. 

n 
Applying Lemma 1231 we get piiVp) > uoi^)- Finally, we apply the original 

Turan-Nazarov inequality (Theorem II. ip to the subset Vp G B on which \p\ 

by definition does not exceed p. This completes the proof of Theorem II. 2[ ■ 

We expect that the expression for C{m) in Lemma 12.21 provided by the 
general result of Khovanskii can be strongly improved in our specific case. Let 
us recall the following result of Nazarov [U Lemma 4.2], which gives a much 
more realistic bound on the local distribution of zeroes of an exponential 
polynomial: 

Lemma 2.4. Let p{t) = Yl^=o^k^^''^ ^^ ^'^ exponential polynomial, Ck,Xk G 
C Then the number of zeroes of p{z) inside each disk of radius r > does 
not exceed Am + 7Xr, where X = max \Xk\- 

The reason we use the Khovanskii bound in Theorem 1 1.2 1 is that it involves 
only the imaginary parts of the exponents A^. In contrast, the bound of 
Lemma [23] is in terms of A = max |Aa;| (as opposed to max | ImAfcl). In order 
to apply Lemma [2.41 we notice that 

m 

b(t)|2=p(t)p(t)=^CfcQe(^^+^')* 

k,l=0 

is an exponential polynomial of degree at most m"^ with the maximal absolute 
value of the exponents not exceeding 2A. Adding a constant adds at most one 
to the degree. We conclude that the number of real solutions of |p(t)p = rj 
inside the interval B does not exceed di = Am? + 14Xpi{B). Now we define 
cu'jj putting M'jj = [yJ + 1 in Definition 11.11 Repeating word by word the 
proof of Theorem 11.21 above we obtain: 

Theorem 2.5. For p{t) as above 

sup H < e-(^)— l^^^^l ■ f ^V ■ sup b|. 



For the case of a real exponential polynomial p(t) = YlT=o CfcC'*'''*, Ck, \k G 
M, we get an especially simple and sharp result. Notice that the number 
of zeroes of a real exponential polynomial is always bounded by its degree 
m (indeed, the "monomials" e'^'=* form a Chebyshev system on each real 
interval). Applying this fact in the same way as above we get 

Theorem 2.6. For p{t) a real exponential polynomial of degree m 
supH<e-^(^)— l^^l-f^^V-supH 

where uj'[){Q) = sup^yQe[M{e,Q) — m]. 

Notice that in this case the metric span ^^(^2) depends only on the degree 
m oi p and the result is sharp: For any Q consisting of at least m + 1 points 
there is an inequality of the required form, while for each m points there 
is a real exponential polynomial p(t) of degree m vanishing at exactly these 
points. 

2.1 Some examples 

In this section we give just a couple of examples illustrating the scope and 
possible applications of Theorem 11.21 

2.1.1 Subsets n dense "in resolution e" 

Here we show that the role of the frequency bound in the results above 
decreases as the discrete subset Q G B becomes denser. For Q G B and for 
£ > we define the "measure iii{e,Q) of Q in resolution e" as the minimal 
possible measure of the coverings of Q with e-intervals. 

Proposition 2.7. For each diagram D and for any e > the metric span 
Uoi^) satisfies 



Proof. By the definition ujd{^) > e[M{e,n) - M^]. Clearly, M{e,n) > 
lfj,i{£, fi). Hence u^i^) > ^J^i{s-, fi) — sMd. ■ 

So if in a small resolution e, the measure /i := ^i{e,Vt) > then we 
restore the original Turan-Nazarov inequality for Q, with a correction factor 
1 — sMa^ with Mjj being the frequency bound. 



2.1.2 Combining the discrete and positive measure cases 

Let a diagram D be fixed, and let i7 = r2i U ^^2 C -B, with Vti a set of a 
positive measure /x, and ^2 a discrete set. We assume that the sets Vti and 
VL2 are 2 ^^| -separated, where M^i is the frequency bound for D. 

Proposition 2.8. ujd{^) > 1^ + ^d{^2) 

Proof. By the definition Uoiyi) = sup^ 5[M(£:, Vt) — M^)], and this supremum 
is achieved for e < ^^ ' . Indeed, otherwise M{e, ^2) — M^ would be negative. 
Hence by the separation assumption we have M{e, Q) = M{e, fli) + M{e, (^2) 
and therefore w^(Jl) = sup^£(M(e, fii) + M(£, 1^2)-^^) > fxi{ni) +100(^2) ■ 

■ 

So in situations as above Theorem 11.21 improves the original Turan-Nazarov 
inequality, and the frequency bound applies only to the discrete part of fl. 

2.1.3 Interpolation with exponential polynomials 

This is a classical topic starting at least with [5j and actively studied today in 
connection with numerous applications. Theorems II. 2[ 12.51 12.61 connect the 
Turan-Nazarov inequality on Q G B with estimates for the robustness of the 
interpolation from Q to B. In particular, they provide robustness estimates 
in solving the "generalized Prony system" for non-uniform samples. See [7] 
for some initial results in this direction. 

3 Multi-dimensional case 

In this section we consider the version of Turan-Nazarov inequality for quasipoly- 
nomials in one or several variables due to A. Brudnyi [H Theorem 1.7]. 
We provide a strengthening of this result in the same lines as above: The 
Lebesgue measure is replaced with an appropriate "metric span". First, let 
us recall some definitions. 

Definition 3.1. Let fi, . . . , fk G (C")* be a pairwise different set of complex 
linear functionals fj which we identify with the scalar products fj ■ z, z = 
{zi,. . . ,Zn) G C". We shall write 

fj = % + ^bj 



A quasipolynomial is a finite sum 

k 

i=i 
where pj G C[zi, . . . , Zn] are polynomials in z of degrees dj. The degree of 
p is m = degp = J2j=ii^j + !)• Following A.Brudnyi [Ij, we introduce the 
exponential type of p 

tip) = max max I f) ■ z\ 

l<j<kzeBc{0,l) 

where Bc{0, 1) is the complex Euclidean ball of radius 1 centered at 0. 

Below we consider p{x) for the real variables x = {xi, . . . , x„) G M". 

Theorem 3.1 {f^)^ Let p be a quasipolynomial with parameters n,m,k de- 
fined on C^. Let B G M."^ be a convex body, and let Q G B be a measurable 
set. Then 

I I ^ fcn^n{B)Y 

sup \p\ < — — ■ sup \p\ 

B V fJ"n[^t> J n 

where i = {c{m,k) + (m — 1) log(cimax{l, t(p)}) + C2t(p) diam(i?)), and 
c, ci,C2 are absolute positive constants, and c{k,m) is a positive number de- 
pending only on m and k. 

Generalizing this result of Brudnyi, we follow the arguments described in 
Sections [1] and [2] above, and [10]. 



3.1 Covering number of sub level sets 

For a relatively compact A C M", the covering number M(£, A) is defined 
now as the minimal number of e-cubes Q^ covering A (which are translations 
of the standard e-cubes Q^ := [0,e]"). 

Lemma 3.2. 

q{x) := \p{x)\^ 

= Y. e^"'^"''"^ [PiA^) Mh - bj, x) + Qi,,(x) cos(6i - b, 



^j, X 



0<i<j<k 



is a real exponential trigonometric quasipolynomial with Pij,Qij real poly- 
nomials in X of degree di + dj, and at most n := k{k + l)/2 exponents, sinus 
and cosinus elements. 
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Proof. By repeating word by word the proof of Lemma HH] above, the proof 
is completed. ■ 

Clearly, all the partial derivatives -J^ have exactly the same form. The 
following bound due to Khovanskii gives an estimate of the number of solu- 
tions of a system of real exponential trigonometric quasipolynomials. More 
precisely, we have 

Theorem 3.3 (Khovanskii bound |3], Section 1.4). Let Pi = ■ ■ ■ = P„ = 

be a system of n equations with n real unknowns x = Xi, . . . , x„, where Pi is 
polynomial of degree rrii in n + k + 2p real variables x, yi, . . . ,yk, ui, . . . ,Up, 
vi,...,Vp, where yi = exp{aj,x), j = l,...,k and Uq = sin{bq,x), Vq = 
cos{bq, x) , q = 1, . . . ,p. Then the number of non- degenerate solutions of this 
system in the region bounded by the inequalities \{bq,x)\ < 7r/2, q = 1, . . . ,p, 
is finite and less than 



mi • • • m„ 



(J2m,+p + l)'^' 2^+(^+^)(^+^-i)/2 



Let us denote the vectors 6j — bj G M" by bij and let A := max||6jj|| 
be the maximal frequency in q. The next lemma is a simple consequence of 
Khovanskii bound: 

Lemma 3.4. Let V be a parallel translation of the coordinate subspace in M" 
generated by Xj^, . . . , Xj^. Then the number of non- degenerate real solutions 
in V n Q"; of the system 



dq{x) dq{x) 



is at most CgX"^, where 



2k 



Cs = i-V^spY n(rf> + ^v) I E ^> + rfv + 2k + 1 ) 2'^+(2'')(2''-i)/2 



r=l \r=l 



Proof. The following geometric construction is required by the Khovanskii 
bound: Let Qij = {x e M", \{bij,x)\ < f} and let Q = r\o<i<j<kQi,J- ^or 
any B C M" we define M{B) as the minimal number of translations of Q 
covering B. For an affine subspace V of R" we define M{B fl V) as the 
minimal number of translations oi Q H V covering B (1 V. Notice that for 
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B = Q^, a cube of size r, we have M(Q") < (-i/nrA)". Indeed, Q always 
contains a ball of radius ^. Now, applying the Khovanskii bound 1X51 on the 
system 

dq{x) dq{x) 

OXj^ OXj^ 

we get that the number of non-degenerate real solutions in V^ ft Q"^ is at most 

s / s \ 2k 

r=l \r=l / 



Let a quasipolynomial p be as above. A sublevel set A = Ap oi p is 
defined as A = {x & M" : \p{x)\ < p}. The following lemma extends to the 
case of sublevel sets of exponential poljTiomials the result of Vitushkin [9] 
for semi-algebraic sets. It can be proved using a general result of Vitushkin 
in [9] through the use of "mult i- dimensional variations". However, in our 
specific case the proof below is much shorter and it produces explicit ("in 
one step") constants. 

Lemma 3.5. For any 1 > e > we have 

M(£, A n Q1) <Co + Ci(^\+--- + a^i (^) + fin{A) Q 

where Cq, . . . , C„„i are positive constants, which depend only on k, di and the 
maximal frequency A of the quasipolynomial p. 

Proof. The sublevel set Ap is defined via the real exponential trigonometric 
quasipolynomial q{x) = |p(x)p, i.e. A = Ap{p) = {x E Q^ : q{x) < p^}. 
Let us subdivide Q^ into adjacent e-cubes Qs with respect to the standard 
Cartesian coordinate system. Each Q^ having a nonempty intersection with 
A, is either entirely contained in A, or it intersects the boundary dA of 
A. Certainly, the number of those boxes Qe, which are entirely contained 
in A, is bounded by pn{A)/fin{Qe) = Pn{A)/e"'. In the other case, where 
Qe intersects dA, it means that there exist faces of Qs that have a non- 
empty intersection with dA. Among all these faces, let us take the one with 
the smallest dimension s. In other words, there exists an s-face F of the 
smallest dimension s that intersects dA, for some s = 0,1, ... ,n. Let us fix 
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an s- dimensional affine subspace V, which corresponds F. Then F contains 
completely some of the connected components oi AnV, otherwise dA would 
intersect a face of Qs of a dimension strictly less than s. Clearly, inside each 
compact connected component oi AOV there is a critical point of q, which 
is defined by the system of equations -^^ = ■ ■ ■ = -^^ = (assuming that 
V is a parallel translation of the coordinate subspace in R" generated by 
Xj^ , . . . , Xj^ ) . After a small perturbation of q we can always assume that all 
such critical points are non-degenerate. Hence by Lemma 13.41 the number 
of these points, and therefore of the boxes Qe of the considered type, is 
bounded by Cs\^. According to the partitioning construction of Qi, we 
have at most (- + l) s-dimensional affine subspaces with respect to the 
same s coordinates. On the other hand, the number of different choices of 
s coordinates is (") . It means the number of boxes that have an s-face F, 
which contains completely some connected component oi AnV , is at most 
(s) ■ (" + -'-) C'sA'*, which does not exceed, assuming e < 1, the constant 
Cr^-s ■■= (")2"-^C',A"(i)"-^ Note that Cq is the bound on the number of 
boxes that contain completely some of the connected components of A. Thus, 
we have 



This completes our proof. 



4 Metric span and generalized Brudnyi's in- 
equality 

Let p be a quasipolynomial as above, with the parameters n,k,dj. These 
parameters, together with the maximal frequency A of p form the multi- 
dimensional diagram D of p. Notice that in contrast to the one-dimensional 
case (and with Theorem 13.11) we restrict ourselves to the unit box Q". So B 
does not appear in the diagram. For a given < e < 1 let us denote by Mnie) 
the quantity Mci^) = ^^=o ^(g)"'? where Cq, . . . ,Cn-i are the constants 
from Lemma 13.51 Extending the terminology from the one-dimensional case 
above, we call Md{£) the "frequency bound" for D. Note that the constants 
Cj depend only on the parameters n, k, di and on the maximal frequency A 
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of the quasipolynomial p. By Lemma 13.51 for any sublevel set Ap of p we have 

M(£,A)<Mz5(£)+/i„(A)Q 

Now for any subset Q C Q" we introduce the metric span uo of Q with 
respect to a given diagram D as follows: 

Definition 4.1. For a subset fi C M" the metric span un is defined as 

lod{^) =supe"[M(£,n)-MB(e)]. 

e>0 

Lemma 4.1. Let A C Qi 6e a sublevel set of a real quasipolynomial with the 
diagram D. Then for any Vt d A we have 

Proof. This fact follows directly from Lemma 13.51 Indeed, for any e > we 
have 

M(£, fi) < M(£, A) < Mn{e) + /i„(A) (-^ 



Consequently, for any £ > we have fin{A) > e'^[M{e,Q) — Md{s)]- Now, 
we can take the supremum with respect to e. ■ 

For some examples and properties of sets in R" with positive metric span, 
see [ini Section 5]. Here we mention only that for a measurable Q C M" 
we always have ujd{^) > /in(^)- The proof is exactly the same as in the 
remark after Theorem 11.21 Now we can prove our generalization of Brudnyi's 
Theorem 13.11 above. 

Theorem 4.2. Let p be as above and let Q C Q^. Then 

fcnfin{B)Y 
supIpI < — — -supIpI. 

Proof. Let p := supj^ \p\. For the sublevel set Ap of the quasipolynomial p 
we have Q C A^. By Lemma [4. II we have /i„(A^) > Co'^(fi). Now since p is 
bounded in absolute value by p on A^ by definition, we can apply Theorem 
13. II with B = Q'1 and Ap. This completes the proof. ■ 
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